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THE RACAH ALGEBRA AS A SUBALGEBRA OF
THE BANNAI–ITO ALGEBRA
HAU-WEN HUANG
Abstract. Assume that F is a field with charF 6= 2. The Racah algebra ℜ is a unital
associative F-algebra defined by generators and relations. The generators are A,B,C,D
and the relations assert that
[A,B] = [B,C] = [C,A] = 2D
and each of
[A,D] +AC −BA, [B,D] +BA− CB, [C,D] + CB −AC
is central in ℜ. The Bannai–Ito algebra BI is a unital associative F-algebra generated by
X,Y, Z and the relations assert that each of
{X,Y } − Z, {Y, Z} −X, {Z,X} − Y(1)
is central inBI. It was discovered that there exists an F-algebra homomorphism ζ : ℜ → BI
that sends
A 7→
(2X − 3)(2X + 1)
16
,
B 7→
(2Y − 3)(2Y + 1)
16
,
C 7→
(2Z − 3)(2Z + 1)
16
.
We show that ζ is injective and therefore ℜ can be considered as an F-subalgebra of BI.
Moreover we show that any Casimir element of ℜ can be uniquely expressed as a polynomial
in the elements (1) and X + Y + Z with coefficients in F.
Keywords: Bannai–Ito algebra, Racah algebra, Casimir elements.
MSC2010: 81R10, 81R12.
1. Introduction
Throughout this paper we adopt the following conventions: Assume that F is a field with
charF 6= 2. Let N denote the set of all nonnegative integers. The bracket [ , ] stands for the
commutator and the curly bracket { , } stands for the anticommutator. An algebra is meant
to be an associative algebra with unit 1 and a subalgebra is a subset of the parent algebra
which is closed under the operations and has the same unit.
The Racah algbra [19, 23] and the Bannai–Ito algebra [26] are the F-algebras defined by
generators and relations to give the algebraic interpretations of the Racah polynomials and
the Bannai–Ito polynomials, respectively. At first, the description of those relations involved
several parameters. In recent papers [5,8,17,18] the role of the parameters is replaced by the
central elements. The contemporary Racah and Bannai–Ito algebras are defined as follows:
The research is supported by the Ministry of Science and Technology of Taiwan under the project MOST
106-2628-M-008-001-MY4.
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The Racah algebra ℜ is an F-algebra generated by A,B,C,D and the relations assert that
[A,B] = [B,C] = [C,A] = 2D
and each of
α = [A,D] + AC − BA, β = [B,D] +BA− CB, γ = [C,D] + CB − AC
is central in ℜ. Note that
δ = A +B + C
is also central in ℜ. The Bannai–Ito algebra BI is an F-algebra generated by X, Y, Z and
the relations assert that each of
κ = {X, Y } − Z, λ = {Y, Z} −X, µ = {Z,X} − Y
is central in BI. The applications to the Racah problems for su(2), su(1, 1), sl−1(2) and
the connections to the Laplace-Dunkl and Dirac–Dunkl equations on the 2-sphere have been
explored in [6,7,11–16,19,20,23]. For more information and recent progress, see [2–5,8–10,22].
A result of [17] made the following link between the Racah algebra ℜ and the Bannai–
Ito algebra BI. The standard realization for BI is a representation π : BI → End(F[x])
given in [26, Section 4]. Inspired by π, a representation τ : ℜ → End(F[x]) was constructed
in [17, Section 2] as well as an F-algebra homomorphism ζ : ℜ → BI that sends
A 7→
(2X − 3)(2X + 1)
16
,
B 7→
(2Y − 3)(2Y + 1)
16
,
C 7→
(2Z − 3)(2Z + 1)
16
.
Briefly τ is the composition of ζ followed by π. The main result of this paper is to prove
that ζ is injective. To see this we derive the following results. We show that the monomials
AiBjCkDℓαrβs for all i, j, k, ℓ, r, s ∈ N(2)
are an F-basis for ℜ and the monomials
X iY jZkκrλsµt for all i, j, k, r, s, t ∈ N(3)
are an F-basis for BI. We consider the following F-subspaces of BI induced from the basis
(3) for BI: Let wX , wY , wZ , wκ, wλ, wµ ∈ N be given. For each n ∈ N let BIn denote the
F-subspace of BI spanned by X iY jZkκrλsµt for all i, j, k, r, s, t ∈ N with
wXi+ wY j + wZk + wκr + wλs+ wµt ≤ n.
We show that the sequence {BIn}n∈N is an N-filtration of BI if and only if
max{wZ , wκ} ≤ wX + wY ,
max{wX , wλ} ≤ wY + wZ ,
max{wY , wµ} ≤ wZ + wX .
We apply the basis (2) for ℜ and the N-filtration {BIn}n∈N of BI associated with
(wX , wY , wZ , wκ, wλ, wµ) = (4, 4, 6, 8, 9, 9)
to conclude the injectivity of ζ .
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We regard the Racah algebra ℜ as an F-subalgebra of BI via ζ . Let C denote the
commutative F-subalgebra of ℜ generated by α, β, γ, δ. Extending the setting [11, Section
2], each element of
D2 + A2 +B2 +
(δ + 2){A,B} − {A2, B} − {A,B2}
2
+ A(β − δ) +B(δ − α) + C
is called a Casimir element of ℜ [22]. Each Casimir element of ℜ is central in ℜ. We locate
the expressions for the D6-symmetric Casimir elements [22, Section 5] of ℜ in terms of
ι = X + Y + Z
and κ, λ, µ. Note that ι, κ, λ, µ are in the centralizer of ℜ in BI. Furthermore we apply the
N-filtration {BIn}n∈N of BI associated with
(wX , wY , wZ , wκ, wλ, wµ) = (1, 1, 2, 0, 0, 0)
to prove that for any Casimir element Ω of ℜ there exists a unique four-variable polynomial
P (x1, x2, x3, x4) over F such that
Ω = P (ι, κ, λ, µ).
The outline of this paper is as follows: In §2 and §3 we present the required backgrounds
on ℜ and BI, especially the basis (2) for ℜ and the criterion for {BIn}n∈N as an N-filtration
of BI. In §4 we review the homomorphism ζ : ℜ → BI and evaluate the image of D under
ζ . In §5 we give the proof for the injectivity of ζ . In §6 we show that each Casimir element
of ℜ can be uniquely expressed as a polynomial in ι, κ, λ, µ over F.
2. The Racah algebra ℜ
Definition 2.1 ([5, 17, 19, 23]). The Racah algebra ℜ is an F-algebra defined by generators
and relations in the following way. The generators are A,B,C,D. The relations assert that
[A,B] = [B,C] = [C,A] = 2D(4)
and each of
[A,D] + AC −BA, [B,D] +BA− CB, [C,D] + CB −AC
is central in ℜ.
We define α, β, γ, δ as the following elements of ℜ:
α = [A,D] + AC − BA,(5)
β = [B,D] +BA− CB,(6)
γ = [C,D] + CB − AC,(7)
δ = A+B + C.(8)
Lemma 2.2 (Lemma 3.2, [22]). The following (i)–(iii) hold:
(i) The F-algebra ℜ is generated by A,B,C.
(ii) Each of α, β, γ, δ is central in ℜ.
(iii) The sum of α, β, γ is equal to zero.
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Proposition 2.3. The F-algebra ℜ has a presentation with generators A,B,C,D, α, β and
relations
BA = AB − 2D,(9)
CB = BC − 2D,(10)
CA = AC + 2D,(11)
DA = AD − AB + AC + 2D − α,(12)
DB = BD − BC + AB − β,(13)
DC = CD −AC +BC − 2D + α + β,(14)
αA = Aα, αB = Bα, αC = Cα, αD = Dα,(15)
βA = Aβ, βB = Bβ, βC = Cβ, βD = Dβ, βα = αβ.(16)
Proof. Relations (9)–(11) are immediate from (4). Relation (12) follows from (5) and (9).
Relation (13) follows from (6), (9) and (10). Relation (14) follows from (7), (10) and Lemma
2.2(iii). Relations (15) and (16) follow from Lemma 2.2(ii). 
Theorem 2.4. The elements
AiBjCkDℓαrβs for all i, j, k, ℓ, r, s ∈ N(17)
are an F-basis ℜ.
Proof. To prove the result we invoke the diamond lemma [1, Theorem 1.2]. The relations
(9)–(16) are regarded as a reduction system. The F-linear combinations of (17) are exactly
the irreducible elements under the reduction system. There are no inclusion ambiguities in
the reduction system. The nontrivial overlap ambiguities involve the words CBA, DBA,
DCB, DCA. In any reduction ways, we eventually obtain that
CBA = ABC + 2AB − 2BC − 2AD + 2BD − 2CD − 2β,
DBA = ABD − 2D2 + A2B − AB2 − 2AD + 2BD + 2AB − 2BC − Aβ − Bα− 2β,
DCB = BCD − 2D2 +B2C −BC2 − 2BD + 2CD − 2AC + 2BC +Bα +Bβ − Cβ
− 4D + 2α+ 2β,
DCA = ACD + 2D2 − A2C + AC2 − 2AD − 2AC + 2BC + 2CD + Aα + Aβ − Cα
− 4D + 2α+ 2β.
Hence each of the overlap ambiguities is resolvable.
Let M denote the free monoid with the alphabet set S = {A,B,C,D, α, β}. Let ℓ :
M → N denote the length function of M . Consider an element w = s1s2 · · · sn ∈ M where
s1, s2, . . . , sn ∈ S. An operation on w is called an elementary operation if it is one of the
following actions on w:
• We interchange si and sj where 1 ≤ i < j ≤ n and the position of sj is left to the
position of si in the list
A, B, C, D, α, β.
• Choose si ∈ {B,C,D} and replace si by the left neighbor of si in the list
A, B, C, D.
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We define a binary relation  on M as follows: For any u, w ∈ M we say that u → w
whenever ℓ(u) < ℓ(w) or u is obtained from w by an elementary operation. For any u, w ∈M
we define u  w if there exist u0, u1, . . . , uk ∈M with k ∈ N such that
u = u0 → u1 → · · · → uk−1 → uk = w.
By construction  is a partial order relation onM satisfying the descending chain condition.
Moreover  is a monoid partial order on M compatible with the reduction system (9)–(16).
Therefore, by diamond lemma the monomials (17) form an F-basis for ℜ. 
Recall that the dihedral group D6 has a presentation with generators σ, τ and relations
σ2 = 1, τ 6 = 1, (στ)2 = 1.(18)
Proposition 2.5 (Propositions 4.1 and 4.3, [22]). There exists a unique D6-action on ℜ
such that (i), (ii) hold:
(i) σ acts on ℜ as an F-algebra antiautomorphism of ℜ given in the following way:
u A B C D α β γ δ
σ(u) B A C D −β −α −γ δ
(ii) τ acts on ℜ as an F-algebra antiautomorphism of ℜ given in the following way:
u A B C D α β γ δ
τ(u) B C A −D β γ α δ
Moreover the D6-action on ℜ is faithful.
Let C denote the F-subalgebra of ℜ generated by α, β, γ, δ. It follows from Lemma 2.2(ii)
that C is commutative.
Definition 2.6 (Definition 5.2, [22]). The coset
D2 + A2 +B2 +
(δ + 2){A,B} − {A2, B} − {A,B2}
2
+ A(β − δ) +B(δ − α) + C
is called the Casimir class of ℜ. Each element of the Casimir class of ℜ is called a Casimir
element of ℜ.
Define
ΩA = D
2 +
BAC + CAB
2
+ A2 +Bγ − Cβ − Aδ,(19)
ΩB = D
2 +
CBA+ ABC
2
+B2 + Cα− Aγ − Bδ,(20)
ΩC = D
2 +
ACB +BCA
2
+ C2 + Aβ − Bα− Cδ.(21)
Note that ΩA,ΩB,ΩC are mutually distinct [22, Corollary 6.5].
Lemma 2.7 (Proposition 3.7, [22]). Each of ΩA,ΩB,ΩC is a Casimir element.
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Lemma 2.8 (Lemma 3.6, [22]). The set {ΩA,ΩB,ΩC} is invariant under the D6-action on
ℜ. Moreover the restrictions of σ and τ to {ΩA,ΩB,ΩC} are as follows:
u ΩA ΩB ΩC
σ(u) ΩB ΩA ΩC
τ(u) ΩB ΩC ΩA
Definition 2.9 (Section 5, [22]). The elements ΩA,ΩB,ΩC are called the D6-symmetric
Casimir elements of ℜ.
3. The Bannai–Ito algebra BI
Definition 3.1. The Bannai–Ito algebra BI is an F-algebra defined by generators and
relations. The generators are X, Y, Z and the relations assert that each of
{X, Y } − Z, {Y, Z} −X, {Z,X} − Y
is central in BI.
We define ι, κ, λ, µ as the following elements of BI:
ι = X + Y + Z,(22)
κ = {X, Y } − Z,(23)
λ = {Y, Z} −X,(24)
µ = {Z,X} − Y.(25)
Proposition 3.2. There exists a unique D6-action on BI such that (i), (ii) hold:
(i) σ acts on BI as an F-algebra antiautomorphism of BI given in the following way:
u X Y Z ι κ λ µ
σ(u) Y X Z ι κ µ λ
(ii) τ acts on BI as an F-algebra antiautomorphism of BI given in the following way:
u X Y Z ι κ λ µ
τ(u) Y Z X ι λ µ κ
Moreover the D6-action on BI is faithful.
Proof. It is straightforward to verify the existence of the D6-action on BI by using (18)
and Definition 3.1. Since D6 is generated by σ and τ the uniqueness follows. The F-algebra
antiautomorphism of BI given in (ii) is of order 6. It follows from [22, Lemma 4.2] that the
D6-action on BI is faithful. 
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Proposition 3.3. The F-algebra BI has a presentation with generators X, Y, Z, κ, λ, µ and
relations
Y X = −XY + Z + κ,
ZY = −Y Z +X + λ,
ZX = −XZ + Y + µ,
κX = Xκ, κY = Y κ, κZ = Zκ,
λX = Xλ, λY = Y λ, λZ = Zλ, λκ = κλ,
µX = Xµ, µY = Y µ, µZ = Zµ, µκ = κµ, µλ = λµ.
Proof. Immediate from Definition 3.1. 
Applying the diamond lemma to Proposition 3.3, we obtain the following Poincare´–
Birkhoff–Witt basis for BI and the argument is similar to the proof of Theorem 2.4. Thus
we omit the proof here.
Theorem 3.4. The elements
X iY jZkκrλsµt for all i, j, k, r, s, t ∈ N(26)
form an F-basis for BI.
Let A denote an F-algebra and let H,K denote two F-subspaces of A. The product H ·K
is meant to be the F-subspace of A spanned by h · k for all h ∈ H and all k ∈ K. Recall
that an N-filtration of A is a sequence {An}n∈N of F-subspaces of A satisfies the following
conditions:
(N1)
⋃
n∈NAn = A.
(N2) An ⊆ An+1 for all n ∈ N.
(N3) Am · An ⊆ Am+n for all m,n ∈ N.
For convenience we always let A−1 denote the zero subspace of A.
We consider the following F-subspaces of BI induced from Theorem 3.4: Let wX , wY ,
wZ , wκ, wλ, wµ ∈ N. For each n ∈ N let BIn denote the F-subspace of BI spanned by
X iY jZkκrλsµt for all i, j, k, r, s, t ∈ N with
wXi+ wY j + wZk + wκr + wλs+ wµt ≤ n.
We call {BIn}n∈N the F-subspaces of BI associated with (wX , wY , wZ , wκ, wλ, wµ). In what
follows we give a simple criterion for the above F-subspaces of BI to be an N-filtration of
BI.
Theorem 3.5. Let wX , wY , wZ , wκ, wλ, wµ ∈ N. Let {BIn}n∈N denote the F-subspaces of
BI associated with (wX , wY , wZ , wκ, wλ, wµ). Then {BIn}n∈N is an N-filtration of BI if and
only if
max{wZ , wκ} ≤ wX + wY ,(27)
max{wX , wλ} ≤ wY + wZ ,(28)
max{wY , wµ} ≤ wZ + wX .(29)
Proof. (⇒): By the construction of {BIn}n∈N and Theorem 3.4 the element
Z + κ /∈ BImax{wZ ,wκ}−1.(30)
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On the other hand, by (N3) we have {X, Y } ∈ BIwX+wY . The equation (23) implies
Z + κ = {X, Y }.
By the above comments we see thatBIwX+wY contains Z+κ which is not in BImax{wZ ,wκ}−1.
Combined with (N2) the inequality (27) follows. The inequalities (28) and (29) follow by
similar arguments.
(⇐): Condition (N1) is immediate from Theorem 3.4. Condition (N2) is immediate from
the construction of {BIn}n∈N. Set S = {X, Y, Z, κ, λ, µ}. For all n ∈ N, let In denote the set
of all (i, j, k, r, s, t) ∈ N6 with wXi+wY j+wZk+wκr+wλs+wµt ≤ n. LetM denote the free
monoid with the alphabet set S. There exists a unique monoid homomorphism w˜ :M → N
such that
w˜(u) = wu for all u ∈ S.
By (27)–(29), for each relation of Proposition 3.3, the value of w˜ on the monomial in the
left-hand side is greater than or equal to those in the right-hand side. Thus, for all m,n ∈ N
and for all (i′, j′, k′, r′, s′, t′) ∈ Im and (i
′′, j′′, k′′, r′′, s′′, t′′) ∈ In the product
X i
′
Y j
′
Zk
′
κr
′
λs
′
µt
′
·X i
′′
Y j
′′
Zk
′′
κr
′′
λs
′′
µt
′′
is equal to an F-linear combination of X iY jZkκrλsµt for all (i, j, k, r, s, t) ∈ Im+n. In other
words (N3) holds. The theorem follows. 
4. The homomorphism ζ : ℜ → BI
According to [17, Section 2] there exists an F-algebra homomorphism ζ : ℜ → BI and
the images of A,B,C, α, β, γ, δ under ζ are as follows:
Theorem 4.1 ([17]). There exists a unique F-algebra homomorphism ζ : ℜ → BI that sends
A 7→
(2X − 3)(2X + 1)
16
,
B 7→
(2Y − 3)(2Y + 1)
16
,
C 7→
(2Z − 3)(2Z + 1)
16
,
α 7→
(2ι− κ− µ− 3)(κ− µ)
64
,
β 7→
(2ι− λ− κ− 3)(λ− κ)
64
,
γ 7→
(2ι− µ− λ− 3)(µ− λ)
64
,
δ 7→
ι2 − 2ι− κ− λ− µ
4
−
9
16
.
We are now going to evaluate the image of D under ζ .
Lemma 4.2. (i) The following equations hold in BI:
[X2, Y ] = [X,Z], [Y 2, Z] = [Y,X ], [Z2, X ] = [Z, Y ],
[Y 2, X ] = [Y, Z], [Z2, Y ] = [Z,X ], [X2, Z] = [X, Y ].
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(ii) The following elements of BI are equal:
{X, [Z, Y ]}, {Y, [X,Z]}, {Z, [Y,X ]},
[X2, Y 2], [Y 2, Z2], [Z2, X2].
Proof. (i): Since κ is central in BI and by (23) it follows that
[X,Z] = [X, {X, Y }].
Observe that [X, {X, Y }] = [X2, Y ]. Therefore
[X2, Y ] = [X,Z].(31)
Applying Proposition 3.2 to (31) yields the remaining equations in (i).
(ii): By Proposition 3.2(ii) it suffices to show that
{X, [Z, Y ]} = {Y, [X,Z]},(32)
{X, [Z, Y ]} = [X2, Y 2].(33)
With trivial cancellations we obtain
{X, [Z, Y ]} − {Y, [X,Z]} = [Z, {Y,X}].(34)
Since κ is central in BI and by (23) the element Z commutes with {Y,X}. Hence the
right-hand side of (34) is zero. Therefore (32) follows. Using (23) twice we find that
X2Y 2 = XY 2X +XZY −XY Z.(35)
By Proposition 3.2(ii), τ 3 is an F-algebra antiautomorphism of BI that fixes X, Y, Z. Thus,
applying τ 3 to (35) yields that
Y 2X2 = XY 2X + Y ZX − ZY X.(36)
Subtracting (36) from (35) yields (33). Hence (ii) follows. 
For convenience we let L denote the common element of BI from Lemma 4.2(ii).
Proposition 4.3. The image of D under ζ is equal to
[X, Y ] + [Y, Z] + [Z,X ] + L
32
.
Proof. By (4) we have 2Dζ = [Aζ , Bζ ]. A direct calculation yields that [Aζ , Bζ ] is equal to
[X2, Y 2] + [X, Y ] + [Y 2, X ] + [Y,X2]
16
.(37)
By Lemma 4.2(i), [Y 2, X ] = [Y, Z] and [Y,X2] = [Z,X ]. By Lemma 4.2(ii), [X2, Y 2] = L.
The proposition follows. 
Corollary 4.4. For each g ∈ D6 the following diagram commutes:
ℜ BI
ℜ BI
ζ
g
ζ
g
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Proof. It is routine to verify the corollary by using Propositions 2.5, 3.2 and Theorem 4.1. 
We end this section with a comment: Recall from [18, 21] that a universal analogue of
the additive DAHA (double affine Hecke algebra) of type (C∨1 , C1), denoted by H here, is an
F-algebra generated by t0, t1, t
∨
0 , t
∨
1 and the relations assert that
t0 + t1 + t
∨
0 + t
∨
1 = −1
and each of t20, t
2
1, t
∨2
0 , t
∨2
1 is central in H. By [18, Proposition 2] there exists an F-algebra
isomorphism ♮ : BI→ H that sends
X 7→ t0 + t1 +
1
2
,
Y 7→ t0 + t
∨
0 +
1
2
,
Z 7→ t0 + t
∨
1 +
1
2
,
ι 7→ 2t0 +
1
2
,
κ 7→ t20 − t
2
1 − t
∨2
0 + t
∨2
1 ,
λ 7→ t20 − t
∨2
0 − t
∨2
1 + t
2
1,
µ 7→ t20 − t
∨2
1 − t
2
1 + t
∨2
0 .
The universal Askey–Wilson algebra [24] and the universal DAHA of type (C∨1 , C1) [25] are
the q-analogues of ℜ and H, respectively. Therefore [25, Theorem 4.1] is a q-analogue of the
homomorphism ♮ ◦ ζ : ℜ → H. Note that ♮ ◦ ζ sends
A 7→
(t∨1 + t
∨
0 )(t
∨
1 + t
∨
0 + 2)
4
,
B 7→
(t1 + t
∨
1 )(t1 + t
∨
1 + 2)
4
,
C 7→
(t∨0 + t1)(t
∨
0 + t1 + 2)
4
,
α 7→
(t∨21 − t
∨2
0 )(t
2
1 − t
2
0 + 2t0 − 1)
16
,
β 7→
(t21 − t
∨2
1 )(t
∨2
0 − t
2
0 + 2t0 − 1)
16
,
γ 7→
(t∨20 − t
2
1)(t
∨2
1 − t
2
0 + 2t0 − 1)
16
,
δ 7→
t20 + t
2
1 + t
∨2
0 + t
∨2
1
4
−
t0
2
−
3
4
.
5. The injectivity of ζ
Throughout this section, we let {BIn}n∈N denote the F-subspaces of BI associated with
(wX , wY , wZ , wκ, wλ, wµ) = (4, 4, 6, 8, 9, 9).(38)
Since the number sequence (38) satisfies (27)–(29), it follows from Theorem 3.5 that {BIn}n∈N
is an N-filtration of BI.
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Lemma 5.1. (i) For any even integer n ≥ 0 the following equations hold:
Y nX = XY n (mod BI4n+3),
XnY = Y Xn (mod BI4n+3),
ZnY = Y Zn (mod BI6n+3),
Y nZ = ZY n (mod BI4n+5),
XnZ = ZXn (mod BI4n+5),
ZnX = XZn (mod BI6n+3).
(ii) For any odd integer n ≥ 1 the following equations hold:
Y nX = −XY n + κY n−1 (mod BI4n+3),
XnY = −Y Xn + κXn−1 (mod BI4n+3),
Y nZ = −ZY n (mod BI4n+5),
ZnY = −Y Zn (mod BI6n+3),
XnZ = −ZXn (mod BI4n+5),
ZnX = −XZn (mod BI6n+3).
Proof. All equations are established by routine inductions and using (23)–(25). 
Lemma 5.2. (i) For any integer n ≥ 0 the following equations hold:
(Aζ)n =
(
X
2
)2n
(mod BI8n−1),
(Bζ)n =
(
Y
2
)2n
(mod BI8n−1),
(Cζ)n =
(
Z
2
)2n
(mod BI12n−1),
(αζ)n =
(µ
8
)2n
(mod BI18n−1),
(βζ)n = (−1)n
(
λ
8
)2n
(mod BI18n−1).
(ii) For any even integer n ≥ 0 the following equation holds:
(Dζ)n =
1
16n
n
2∑
i=0
(−4)i
(
n
2
i
)
X2iY 2iκn−2iZn (mod BI14n−1).
(iii) For any odd integer n ≥ 1 the following equation holds:
(Dζ)n =
1
16n
n−1
2∑
i=0
(−4)i
(
n−1
2
i
)
(X2iY 2iκn−2i − 2X2i+1Y 2i+1κn−2i−1)Zn (mod BI14n−1).
Proof. (i): Immediate from Theorem 4.1 and the construction of {BIn}n∈N.
(ii): It follows from Proposition 4.3 that
Dζ =
L
32
(mod BI13).
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Evaluating L mod BI13 by using Lemma 4.2(ii) and Lemma 5.1(ii) yields that
Dζ =
Zκ
16
−
XY Z
8
(mod BI13).(39)
Squaring the equation (39) a direct calculation shows that
(Dζ)2 =
Z2κ2
256
−
X2Y 2Z2
64
(mod BI27).(40)
It follows from Lemma 5.1(i) that
Z2 ·X2Y 2Z2 = X2Y 2Z2 · Z2 (mod BI39).(41)
Now it is routine to derive (ii) by using (40) and (41).
(iii): To get (iii), one may multiply (39) by the equation from (ii) and simplify the resulting
equation by using Lemma 5.1(i). 
Lemma 5.3. Let i, j, k, ℓ, n, r, s ∈ N with 8i + 8j + 12k + 14ℓ + 18r + 18s = n. Then the
following (i)–(iii) hold:
(i) For all i′, j′, k′, r′, s′, t′ ∈ N with 4i′ + 4j′ + 6k′ + 8r′ + 9s′ + 9t′ = n and r′ > ℓ, the
coefficient of
X i
′
Y j
′
Zk
′
κr
′
λs
′
µt
′
in (Aζ)i(Bζ)j(Cζ)k(Dζ)ℓ(αζ)r(βζ)s with respect to the F-basis (26) for BI is zero.
(ii) For all i′, j′, k′, r′, s′, t′ ∈ N with 4i′ + 4j′ + 6k′ + 8r′ + 9s′ + 9t′ = n and r′ = ℓ, the
coefficient of
X i
′
Y j
′
Zk
′
κr
′
λs
′
µt
′
in (Aζ)i(Bζ)j(Cζ)k(Dζ)ℓ(αζ)r(βζ)s with respect to the F-basis (26) for BI is nonzero if
and only if
(i′, j′, k′, s′, t′) = (2i, 2j, 2k + ℓ, 2s, 2r).
(iii) The coefficient of
X2iY 2jZ2k+ℓκℓλ2sµ2r
in (Aζ)i(Bζ)j(Cζ)k(Dζ)ℓ(αζ)r(βζ)s with respect to the F-basis (26) for BI is
(−1)s4−i−j−k−2ℓ−3r−3s.
Proof. Using Lemma 5.1(i) and Lemma 5.2 one may express
(Aζ)i(Bζ)j(Cζ)k(Dζ)ℓ(αζ)r(βζ)s +BIn−1
as an F-linear combination of X i
′
Y j
′
Zk
′
κr
′
λs
′
µt
′
+ BIn−1 for all i
′, j′, k′, r′, s′, t′ ∈ N with
4i′ + 4j′ + 6k′ + 8r′ + 9s′ + 9t′ = n. The lemma follows from the expression. 
Theorem 5.4. The homomorphism ζ : ℜ → BI is injective.
Proof. Suppose on the contrary that there exists a nonzero element I in the kernel of ζ . For
all i, j, k, ℓ, r, s ∈ N let c(i, j, k, ℓ, r, s) denote the coefficient of
AiBjCkDℓαrβs
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in I with respect to the F-basis (17) for ℜ. Let S denote the set of all (i, j, k, ℓ, r, s) ∈ N6
with c(i, j, k, ℓ, r, s) 6= 0. For each n ∈ N we let S(n) denote the set of all (i, j, k, ℓ, r, s) ∈ S
with 8i+ 8j + 12k + 14ℓ+ 18r + 18s = n. We may write
I =
∑
n∈N
∑
(i,j,k,ℓ,r,s)∈S(n)
c(i, j, k, ℓ, r, s)AiBjCkDℓαrβs.(42)
Applying ζ to (42) we have
0 =
∑
n∈N
∑
(i,j,k,ℓ,r,s)∈S(n)
c(i, j, k, ℓ, r, s)(Aζ)i(Bζ)j(Cζ)k(Dζ)ℓ(αζ)r(βζ)s.(43)
Since I 6= 0 there exists at least one n ∈ N with S(n) 6= ∅. Set
N = max{n |S(n) 6= ∅}.
Among the elements in S(N) we choose a 6-tuple (i, j, k, ℓ, r, s) that has the maximum value
at ℓ. In what follows we evaluate the coefficient of
X2iY 2jZ2k+ℓκℓλ2sµ2r(44)
in the right-hand side of (43) with respect to the F-basis (26) for BI. Denote by c the
coefficient. Suppose that (i′, j′, k′, ℓ′, r′, s′) is a 6-tuple in S(n) for some n ∈ N such that
(Aζ)i
′
(Bζ)j
′
(Cζ)k
′
(Dζ)ℓ
′
(αζ)r
′
(βζ)s
′
(45)
contributes to the coefficient c. By Theorem 3.4 the monomial (44) lies inBIN not inBIN−1.
By Lemma 5.2 the term (45) lies inBIn. It follows from (N2) that n ≥ N and the maximality
of N implies n = N . By Lemma 5.3(i) we have ℓ′ ≥ ℓ and the maximality of ℓ forces that
ℓ′ = ℓ. Combined with Lemma 5.3(ii) this yields that (i′, j′, k′, r′, s′) = (i, j, k, r, s). Therefore
(Aζ)i(Bζ)j(Cζ)k(Dζ)ℓ(αζ)r(βζ)s
is the only summand in the right-hand side of (43) contributes to the coefficient c. By Lemma
5.3(iii) the coefficient c is the nonzero scalar
(−1)s · 4−i−j−k−2ℓ−3r−3s · c(i, j, k, ℓ, r, s).
It follows from Theorem 3.4 that the right-hand side of (43) is nonzero, a contradiction. The
theorem follows. 
As a consequence of Theorem 5.4 the F-algebra homomorphism ♮ ◦ ζ : ℜ → H described
in §4 is injective. Note that [25, Theorem 4.5] is a q-analogue of the injectivity for ♮ ◦ ζ .
6. The images of the Casimir elments of ℜ under ζ
In light of Theorem 5.4 the Racah algebra ℜ can be viewed as an F-subalgebra of the
Bannai–Ito algebra BI via ζ .
Lemma 6.1. The element ι is in the centralizer of ℜ in BI.
Proof. By Theorem 4.1 and (22) the commutator [ι, A] is equal to 1
4
times
[Y + Z,X2]− [Y + Z,X ].(46)
Simplifying (46) by using Lemma 4.2(i) yields that (46) is zero. Therefore ι commutes with
A. Similarly ι commutes with B and C. Combined with Lemma 2.2(i) the lemma follows. 
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By Lemma 6.1 each of ι, κ, λ, µ lies in the centralizer of ℜ in BI. The intention of the final
section is to show that each Casimir element of ℜ can be uniquely expressed as a polynomial
in ι, κ, λ, µ with coefficients in F.
Throughout this section, let {BIn}n∈N denote the F-subspaces of BI associated with
(wX , wY , wZ , wκ, wλ, wµ) = (1, 1, 2, 0, 0, 0).(47)
Since the sequence (47) satisfies (27)–(29), it follows from Theorem 3.5 that {BIn}n∈N is an
N-filtration of BI.
Lemma 6.2. Zn = ιn mod BI2n−1 for all n ∈ N.
Proof. Proceed by induction on n. It is trivial for n = 0. By (22) we have
ι− Z = X + Y ∈ BI1.(48)
Hence the lemma holds for n = 1. Suppose that n ≥ 2. We divide ιn − Zn into
Z(ιn−1 − Zn−1) + (ι− Z)ιn−1.(49)
Since Z ∈ BI2 and by induction hypothesis, the first summand of (49) is in BI2n−1. By (22)
the element ι ∈ BI2 and hence ι
n−1 ∈ BI2n−2. Combined with (48) the second summand
of (49) is in BI2n−1. The lemma follows. 
Lemma 6.3. (i) For all n ∈ N the elements
X iY jZkκrλsµt +BIn−1 for all i, j, k, r, s, t ∈ N with i+ j + 2k = n
are an F-basis for BIn/BIn−1.
(ii) For all n ∈ N the elements
X iY jιkκrλsµt +BIn−1 for all i, j, k, r, s, t ∈ N with i+ j + 2k = n
are an F-basis for BIn/BIn−1.
(iii) For all n ∈ N the elements
X iY jιkκrλsµt for all i, j, k, r, s, t ∈ N with i+ j + 2k ≤ n
are an F-basis for BIn.
Proof. (i): Immediate from Theorem 3.4 and the construction of {BIn}n∈N.
(ii): Immediate from Lemma 6.2 and (i).
(iii): Using (ii) the statement (iii) follows by a routine induction on n. 
Theorem 6.4. The elements
X iY jιkκrλsµt for all i, j, k, r, s, t ∈ N(50)
are an F-basis for BI.
Proof. Immediate from (N1) and Lemma 6.3(iii). 
Corollary 6.5. The elements ι, κ, λ, µ of BI are algebraically independent over F.
Proof. Immediate from Theorem 6.4. 
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Lemma 6.6. The F-algebra BI has a presentation with generators X, Y, ι, κ, λ, µ and rela-
tions
Y X = −XY −X − Y + ι+ κ,
ιY = 2Y 2 − Y ι− Y + ι+ κ + λ,
ιX = 2X2 −Xι−X + ι+ κ+ µ,
κX = Xκ, κY = Y κ, κι = ικ,
λX = Xλ, λY = Y λ, λι = ιλ, λκ = κλ,
µX = Xµ, µY = Y µ, µι = ιµ, µκ = κµ, µλ = λµ.
Proof. This is a reformulation of Proposition 3.3 by using (22). 
Recall the D6-symmetric Casimir elements ΩA,ΩB,ΩC of ℜ from (19)–(21).
Proposition 6.7. The D6-symmetric Casimir elements ΩA,ΩB,ΩC of ℜ have the following
expressions:
ΩA =
λ(λ− 2ι+ 3)(4ι2 − 8ι− 4κ− 4λ− 4µ+ 7)
1024
− Γ,(51)
ΩB =
µ(µ− 2ι+ 3)(4ι2 − 8ι− 4κ− 4λ− 4µ+ 7)
1024
− Γ,(52)
ΩC =
κ(κ− 2ι+ 3)(4ι2 − 8ι− 4κ− 4λ− 4µ+ 7)
1024
− Γ,(53)
where
Γ =
3(2ι+ 3)(2ι+ 1)(2ι− 5)(2ι− 7)
4096
−
(2ι+ 1)(6ι− 13)(κ+ λ+ µ)
512
+
(κ+ λ+ µ)(κ+ λ+ µ+ 4)
64
−
(2ι− 3)(κλ+ λµ+ µκ)
512
+
κλµ
256
.
Proof. Applying Theorem 4.1 and Proposition 4.3 to (19) and replacing Z by ι − X − Y ,
we may express ΩA in terms of X, Y, ι, κ, λ, µ. To get (51) we apply Lemma 6.6 to express
the resulting expression as an F-linear combination of (50). Combined with Lemma 2.8 and
Proposition 3.2 we obtain (52) and (53). 
Theorem 6.8. For each Casimir element Ω of ℜ there exists a unique four-variable polyno-
mial P (x1, x2, x3, x4) over F such that
Ω = P (ι, κ, λ, µ).
Proof. By Definition 2.6 there exists a four-variable polynomial Q(y1, y2, y3, y4) over F such
that Ω = ΩA +Q(α, β, γ, δ). Set Q̂(x1, x2, x3, x4) = Q(y1, y2, y3, y4) by substituting
y1 =
(2x1 − x2 − x4 − 3)(x2 − x4)
64
,
y2 =
(2x1 − x3 − x2 − 3)(x3 − x2)
64
,
y3 =
(2x1 − x4 − x3 − 3)(x4 − x3)
64
,
y4 =
x21 − 2x1 − x2 − x3 − x4
4
−
9
16
.
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It follows from Theorem 4.1 that Ω = ΩA+ Q̂(ι, κ, λ, µ). Combined with Proposition 6.7 the
existence follows. The uniqueness is immediate from Corollary 6.5. 
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